Abstract. For an element a of a commutative complex Banach algebra (A, · ) we investigate the following property: every complete norm | · | on A making the multiplication by a from (A, | · |) to itself continuous is equivalent to · .
Introduction and statements of the theorems
Let (A, · ) be a commutative complex Banach algebra and let Φ A denote the set of all nonzero multiplicative linear functionals on A. It is a basic fact that these functionals are continuous. The carrier space of A is the set Φ A endowed with the Gelfand topology, which is the relative weak-star topology inherited from the topological dual space A of A. Φ A is a locally compact Hausdorff space and the Gelfand representation of A is the mapping a →â from A to the Banach algebra C 0 (Φ A ) defined byâ(φ) = φ(a). The hull-kernel topology on Φ A is the topology on Φ A whose closed sets are of the form h(S) = {φ ∈ Φ A : φ(S) = 0} with some S ⊂ A. This is a T 1 -topology which is not necessarily Hausdorff and it is weaker than the Gelfand topology. In general the Gelfand topology and the hull-kernel topology are different and A is regular if both of them coincide. For further information, we refer to [1, Chapters 17 and 23] and [4, Chapter 3] .
From the uniform boundedness theorem and the continuity of multiplicative linear functionals on a Banach algebra, it follows immediately that any complete norm on the underlying linear space of a semisimple commutative Banach algebra (A, · ) under which all the multiplication operators are continuous is automatically equivalent to · . It is thus natural to ask whether or not the norm topology in the Banach algebra A may be determined by a given multiplication operator by itself. An element a in a commutative Banach algebra (A, · ) is said to determine the norm topology of A if every norm | · | on A for which it becomes a Banach space and which makes the multiplication operator by a from (A, | · |) to itself continuous is equivalent to · . The element a is said to almost determine the norm topology of A if the following property holds: for every complete norm on A making the multiplication by a from (A, | · |) to itself continuous there exists an idempotent e ∈ A such that dim eA < ∞ and the quotient norms of | · | and · on A/(eA) are equivalent. The radical of A is the subset of A given by Rad(A) = φ∈ΦA ker φ provided that Φ A = ∅ and Rad(A) = A otherwise. A is semisimple if Rad(A) = 0 and it is radical if Rad(A) = A.
In the present paper we prove the following two theorems. 2. The Banach algebras under consideration need not have an identity. For a Banach algebra without identity the assertion of a ∈ C1 in Theorem 2 means that a = 0.
Examples
It should be noted that the class of semisimple commutative Banach algebras coincides with the class of Banach function algebras (regarded as being defined on the carrier space). We consider in the next corollary the suggestive form taken by Theorem 1 for regular Banach function algebras. For a locally compact Hausdorff space Ω, let C 0 (Ω) denote the space of continuous functions on Ω which vanish at infinity. With pointwise operations and the supremum norm · ∞ , C 0 (Ω) is a semisimple regular commutative Banach algebra. The nonzero multiplicative linear functionals on C 0 (Ω) are the evaluation maps ε ω (ω ∈ Ω) and the map ω → ε ω is a homeomorphism from Ω onto the carrier space. A subalgebra A of C 0 (Ω) is a natural Banach function algebra on Ω if it has the following properties: (i) A separates the points of Ω and vanishes nowhere on Ω, (ii) A is a Banach algebra with respect to some norm, and (iii) the natural embedding ω → ε ω from Ω into Φ A is onto. Remarks 2. 1. Of course, if the topological space Ω has no isolated points, then the second assertion of the preceding result disappears and therefore f determines the norm topology of A if and only if it is constant on no open subset of Ω. This fact was proved in [7] for the algebra C(K) for a compact Hausdorff space K without isolated points. 2. Let A be as in the Corollary and let e be an idempotent in A such that dim eA < ∞. Then there are ω 1 , . . . , ω m isolated points of Ω such that e is the characteristic function of the set {ω 1 , . . . , ω m }. Writing E = Ω\{ω 1 , . . . , ω m } we can assert that the quotient algebra A/(eA) is isomorphic to the restriction algebra and therefore χ [−ρ,ρ] determines the norm topology of L 1 (R). In the next example we show that in the presence of isolated points in the carrier space even the most natural elements of the algebra can fail to determine the norm topology.
Example 2. Let
) and consider the elements a and u in A given by
We claim that aA = aA. By the Weierstrass approximation theorem, the function
Since aA = aA and u ∈ aA, it follows that there exists a discontinuous linear functional f on C([0, 1] ∪ {2}) such that f (aA) = 0 and f (u) = 1. The map |b| = 2b − f (b)u defines a norm on A for which it becomes a Banach space and | · | is not equivalent to · . On the other hand,
for all b ∈ A, which shows that the multiplication by a from (A, | · |) to itself is continuous. 
1 (ω) is a Banach algebra of power series. It is well known that 
Banach algebra for the norm · ω and the convolution (f * g)(t) = t 0 f (t− s)g(s)ds as product. For a thorough treatment of these algebras we refer the reader to [3] . It is known that L 1 (ω) is an integral domain. It is semisimple if lim t→∞ ω(t) 1/t > 0, and radical if lim t→∞ ω(t)
According to Theorem 2 we deduce that a nonzero function f ∈ L 1 (ω) determines the norm topology of L 1 (ω) provided that either lim t→∞ ω(t) 1/t > 0 or α(f ) = 0. Therefore for any weight function ω and 0 < ρ 1 < ρ 2 < ∞ the function χ [ρ1,ρ2] determines the norm topology of L 1 (ω).
Proofs of the theorems
Although the Banach algebras under consideration need not have an identity, given a and b in the algebra A and λ ∈ C, we write (a + λ)b instead of ab + λb.
If X is a linear space, then we measure the equivalence of two norms | · | and · on X for which X becomes a Banach space by considering the separating subspace of the identity map from (X, |·|) onto (X, · ). This is defined as the subspace S of those x ∈ X for which there exists a sequence {x n } in X such that {x n } converges 
is a linear operator form X to itself which is |·|-|·|-continuous and · -· -continuous, then there exists
Proof. The first assertion follows immediately from [6, Lemma 1.6].
From (i) we see that there exists N ∈ N such that F n (S) 
It is immediate that F (S) ⊂ S and that S is closed in (X, · ), and so F
, and our assertion follows.
Lemma 2. Let (A, · ) be a commutative complex Banach algebra and let a ∈ A.

Assume that |·| is a norm on A for which A is a Banach space and the multiplication operator by a from (A, |·|) to itself is continuous and let S be the separating subspace of the identity map from
Proof. We claim that the set {φ(a): φ ∈ Φ A \h(S)} is finite, where h(S) = {φ ∈ Φ A : φ(S) = 0}. Suppose the claim were false. Then we could find a sequence
Since φ N +1 is continuous on (A, · ), we see that
We proceed to show that φ((a− φ 1 (a)) · · · (a− φ m (a))S) = 0 for all φ ∈ Φ A . This equality is easily seen to be true whenever φ lies in h(S). On the other hand, if φ ∈ h(S), then φ(a) = φ k (a) for some k ∈ {1, . . . , m} and therefore the equality holds. X be a topological space, let C 1 , . . . , C n be closed subsets of X, and let
Lemma 3. Let
Proof of Theorem 1. Let · be the norm of A and let |·| be a norm on A for which A is a Banach space and the multiplication operator by a from (A, | · |) to itself is continuous. Let S be the separating subspace of the identity map from (A,
Let us suppose that, for every λ ∈ C, the set {φ ∈ Φ A :â(φ) = λ} has a finite number of interior points for the hull-kernel topology on Φ A and let us consider the topological space X = Φ A endowed with the hull-kernel topology. For each k ∈ {1, . . . , m} the set Then there exists a sequence {b n } in A such that {a n + eb n } converges to zero in (A, | · |) and hence a n − ea n = (1 − e)(a n + eb n ) converges to zero in (A, · ), which shows that the sequence {a n + eA} converges to zero in the quotient Banach space (A/(eA), · ). From this we conclude that the quotient norms of | · | and · on A/(eA) are equivalent.
We finally assume that the set {φ ∈ Φ A :â(φ) = λ} has an infinitely many interior, say D, for the hull-kernel topology and some λ ∈ C. Let {φ n } be a sequence of pairwise different elements of D. Since Φ A \D is closed and φ 1 ∈ Φ A \D, [1, Proposition 23.4(i)] gives a 1 ∈ A such that φ 1 (a 1 ) = 1 and φ(a 1 ) = 0 for all φ ∈ Φ A \D. For each n ∈ N we can choose a n+1 ∈ A such that φ k (a n+1 ) = 0 for k = 1, . . . , n, φ n+1 (a n+1 ) = 0, and a n+1 = 1 (see [1, Lemma 18 .17]). It is a simple matter to show that the set {a n : n ∈ N} is linearly independent and the intersection of φ∈D ker φ with the linear subspace spanned by {a n : n ∈ N} is zero. Consequently, there is a linear functional f on A such that f (b) = 0 for all b ∈ φ∈D ker φ and f (a n ) = n for all n ∈ N. Of course f is discontinuous and therefore the map |b| = 2b − f (b)a 1 defines a norm on A for which it becomes a Banach space and | · | is not equivalent to · . The proof is completed by showing 
